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1 Introduction

Let Q C RV (N > 2) be an arbitrary domain with finite Lebesgue measure, and with boundary
0Q, let u be a finite Borel regular measure supported on 0Q, and let p € P°2(Q) be such that
1 < p. :=essinf p(x) < p* :=esssup p(x) < oo (see section 2 for the definition of this space). The

Q o)

aim of this paper is to investigate the well-posedness of the first order Cauchy problem involving
the p(-)-Laplace operator and either Robin or Wentzell boundary conditions on general domains. If
Q is “sufficiently regular”, for instance, a Lipschitz domain, then the Robin boundary conditions of
our problem of interest are given by

ou

|Vu|f’<'>—26— +BlulPY2u =0 ondQ, (1.1)
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while the Wentzell, or so called Wentzell-Robin boundary conditions are defined by
Apeyu+ |VulP O~ 29 +,3|u|f’<> 2u=0 ondQ, (1.2)

for B € L*(0Q,du) with 1r(1)£ B(x) > By for some constant 5y > 0, where A, yu := div(|VulPO~2Vu)

denotes the p(-)-Laplace operators in 0€2. However, if Q is “sufficiently bad”, then the above bound-
ary conditions (1.1) and (1.2) may not make sense, and in particular it is known that the classical
normal derivative may not exist in such domains. On the other hand, in this paper, by using a capac-
ity approach, we will characterize the class of finite measures on 0€2 where the parabolic equations
involving the p(-)-Laplace operator and generalized boundary conditions of the form (1.1) and (1.2)
are well-defined. For this purpose, we will need to give sense to the notion of a generalized normal
derivative related to the appropriate measure on the boundary 0. This will be discussed in detail
in section 4.

If p € (1, 00) is constant, then the p-Laplace Eq. with Robin boundary conditions has been inves-
tigated by many authors on either smooth domains, and also on non-smooth domains. For p =2, the
well-posedness of the Robin boundary value problem on arbitrary domains was introduced by Dan-
ers [15] for bounded domains with boundary finite with respect to the (N — 1)-dimensional Hausdorff
measure A ~!, and generalized to arbitrary domains with respect to Cap, ,-admissible measures on
the boundary (see Definition 3.11) by Arendt and Warma [4]. A reahzatlon of the Robin bound-
ary value problem in fractal domains can be found in [5]. Generalizations of the above results to
p € (1,00) can be found in [10, 37] on bounded W-P-extension domains (see Definition 2.3), and
in [16, 41] on arbitrary domains. In particular, it was shown in [41] that the first order Cauchy
problem involving the p-Laplace operator and boundary conditions of the form (1.1) is well-posed
on an arbitrary open set if and only if the measure H™~! is Cap -admissible. On the other hand,
Eq. with Wentzell-Robin boundary conditions of type (1.2) have been well investigated for p = 2.
A generalization to p € (1,00) was introduced by Warma [39], and investigated further by the same
author in [40]. However, all the results obtained for the Wentzell-Robin problem assumed Q to
be at least a bounded Lipschitz domain. Our goal in this article is to generalize the result in [41]
previously discussed above, to the variable exponent case, to include in addition other finite Borel
regular measures on the boundary, and finally to obtain the same conclusions for parabolic Eq. with
boundary conditions of the type (1.2) on arbitrary domains. This last fact has not been discussed
much in the literature.

Over the last years, the study of variable exponent function spaces and differential equation have
experienced a substantial growth, and have attracted a number of authors in several areas, motivated
by various applications, such as electrorheological fluids, image restoration and modern engineer-
ing, among others (e.g. [1, 13, 19, 20, 34]). However, as one may expect, many boundary value
problems of variable exponent type have not been investigated in full strength, mainly because it
has become necessary to establish the validity of many properties, valid for the constant case, to the
variable exponent case. Some properties may even fail for variable exponents, and thus the situation
becomes much more delicate in several areas. Concerning the Robin boundary condition (1.1), it
has been studied by several authors (e.g. [9, 18], among others), but the Wentzell-Robin boundary
value problem with variable exponent has been unknown in our knowledge, and no literature has
been found concerning this kind of differential equations, up to these last years (by the author).

The structure of this paper is as follows. In section 2 we give the framework on which the results
of the subsequent sections will be obtained, and we introduce the notations, definitions, and well-
known results that will be applied throughout the rest of the article. In section 3 we introduce the
notion of the relative p(-)-capacity as a generalization of the relative capacity for p € [1, c0) defined
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by Biegert [7, 8], to the variable exponent case. We remark that there is a notion of relative capacity
for variable exponents given in [21, Section 10.2] which differs from the one we were interested,
since our definition will agree with the definition given in [7, 8] when p is constant. Then we will
establish several properties of this capacity similar as in the constant case, and also will introduce
the notion of Capp o ,-admissible measures, which will play a key role in the paper. Finally, in sec-
tion 4 we apply the results of the previous section to give a necessary and sufficient condition for the
well-posedness of the p(-)-Laplace Eq. with either Robin, or Wentzell-Robin boundary conditions
on arbitrary domains. More precisely, we prove that the first order Cauchy problem involving the
p(-)-Laplace operator and boundary conditions of type (1.1) and (1.2) (in the generalized sense)
is well-posed on LIO(Q,dx) and L1(Q,dx) x LI (0Q, du) for each measurable function g(-) over
Q such that 1 < ¢, < ¢* < oo, respectively, if and only if the Borel regular measure y is Capp(m_
admissible over 0Q2. Observe that the well-posedness of the Wentzell problem on arbitrary domains
implies that, given the appropriate measure on d€2, one can give sense to the boundary operator A,
over 0Q. At the end, several examples of domains and measures where the stated conclusions hold
are given.

2 Preliminaries and intermediate results

Throughout this paper we let @ C R (N > 2) be a domain with finite measure whose boundary
AQ is finite with respect to a Borel regular measure y, and we let p € P°2(Q) be such that 1 < p, :=

essinf p(x) < p* :=esssup p(x) < co. Here Plog(ﬁ) denotes the set of functions u € P(ﬁ) ={p: Q-
Q a

[1,00] measurable} such that the function v := 1/u is globally log-Ho6lder continuous, that is, if there
exist constants ¢y, c; > 0 and a constant « € R such that
1 (&)

[v(x)— v(y)l < m and v(x)—al < —log(e )

forall x,y e ﬁ._For properties of the space P°2(Q), we refer to [21, Section 4.1].
Given E C Q a positive measure space with respect to a finite Borel measure v, set EX, := {x €
E | p(x) = co}. We define

LP(')(E,dV) = {u : E — [~00,00] measurable | p, (1) < oo},

where

— p(x)
o= [ OOl
Because of our assumptions on the function p, it is easy to see that in our case EY, =0 and E\ E%, = E,
so LPO(E,dv) becomes the Musielak-Orlicz space L7 (E,dv) for ¢,(x,u) := [ulP®, endowed with
the Luxemburg norm
i=inf{A>01p,,(u/d) < 1}.

||u||p(}),5 = ”u“LP(')(E,dv)

(e.g. [33, Theorems 1.6 and 7.7]). The variable exponent L? spaces of our interest will be LPO(Q, dx)
and LPO(0Q, dp).
We will also consider the first order Sobolev space with variable exponent, defined by

whrO(Q) = {u € LP(Q,dx) | Vu € LPOQ, dx)N }
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and endowed with the norm

Ju =inf{d>01p, /) +p,,(Vul/D) < 1}.

wlpC)(q)

For the classical properties of the variable exponent Lebesgue and Sobolev spaces, refer to [21, 23,
29, 33]. Also, for E C Q and v a Borel measure supported in E, we define the so called variable
exponent Hajtasz-Sobolev space M'"**)(E) as the set of functions u € LP)(E,dv) such that there
exist a nonnegative function v € LP")(E, dv) fulfilling the inequality

lu(x) —u@)| < |x—y|(v(x)+v(y)) for v-almost all x € E.

The function v is called the Hajtasz gradient of u, and it is known that M'*®)(E) is a Banach space
with respect to the norm

Ml 1, = ], +inF 1]

POE
(e.g. [24, 26]). For more properties of Hajtasz-Sobolev spaces, we refer to [3, 26].
Now we give some definitions that will be quoted later on. We begin by stating the definition of

the generalized variable exponent Maz’ya space on an open set, given in [36] for bounded domains.

Definition 2.1. Let Q C RY be an open set, and let u be a finite Borel measure supported on 9Q.
Given p, r € P2(Q) with 1 < p, < p* <o and 1 < r, < r* < co, we define the extended variable

exponent Maz’ya space W;}o o & 0Q,du) to be the completion of the space

VI (©Q,0Q,du) = {ue WPIQNC(Q)] ul,, € L'VOQ, du))

pC)r()

with respect to the norm

lual|_, =inf{A> 0 p, o (IVul/2)+p, /D) +p, 40w/ 2) < 1},

W p(yr (20210

Definition 2.2. Let d € (0, N) and i a Borel measure supported on a bounded set F C RY. Then y is
said to be an upper d-Ahlfors measure, if there exist constants M, Ry > 0 such that

w(By(x)) < Mr?,  forall 0<r<Ryand x €F, 2.1)

where B,(x) denotes the ball of radius r centered at x € F. On the other hand, the measure u as
called a lower d-Ahlfors measure, if the reverse inequality in (2.1) is fulfilled.

If the condition (2.1) and its reverse inequality are both fulfilled, then the set F C RY is called a
d-set with respect to the measure u (e.g. [12]) Moreover, the above condition can be reformulated

as
u(B,(x)) < MM, 0<r<Rpand xe F 2.2)

N—
&

(e.g. [17]), where Ay(-) denotes the N-dimensional Lebesgue measure on RV,

Definition 2.3. Let p € P°%(Q), 1 < p, < p* <. An open set Q C RV is called a WhHr0)-
extension domain, if Q has the W!P0)_extension property, that is, if there exists a bounded lin-
ear operator P : whrO(Q) — wWHPO[RN) such that Pu = u a.e. on Q. If in addition we have
P(W-POQ) N C(Q)) € WEHPORN) N C(RY), then we say that Q has the continuous W) -extension

property.
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Remark 2.4. If Q C RV is a domain, and if pE Plog(ﬁ), then it follows from [21, Proposition
4.1.7] that p can be extended to a function p € P°2(RY) with p, = p., p* = p*, and with the same
log-Hoélder constant.

Remark 2.5. Let Q be a bounded W!-?0O)-extension domain, let p,re CcOo1 (ﬁ), that is, let p and r be
Holder continuous functions over Q, satisfying l < p, <p*<Nand 1 <r, <r(x) <dp(x)(N- p*)‘l,
and let u be an upper d-Ahlfors measure on 9Q, for d € (N — p.,N). Then it follows from [36,
Corollary 4.7 and Theorem 4.9] that

Wl (€©Q,0Q,du) = WHPD(Q) = W,(Q,60),
up to equivalent norms, where W,(Q,0<) is defined as the completion of the space
V(Q,0Q) := {ue WPOQ)NC(Q) | ul,, € L'OOQ, du)}
with respect to the norm
lelly, a0 = InE{2> 01 p, o (IVul/ )+, (u/ D) < 1}

Moreover, it was obtained in [36, Theorem 3.1] that in this case the embedding W;(_) o
Np()

N-p()
L P!

(Q,0Q,du) —

(Q,dx) is continuous, and in fact the proof of this result shows that this conclusion is also valid
for p € P°¢(Q). Note that if p € (1,N) is constant and u = HY~! is the (N — 1)-dimensional Haus-
dorff measure supported on €2, then W, (£2,0Q) agrees with the classical Maz’ya space introduced
by Maz’ya [31] in the constant case.

Example 2.6. If Q CR" is an (¢,5)-domain (see [28] for the definition of this domain), then Q is a
W1PO)_extension domain (e.g. [21, 36]). In particular, if Q is the classical snowflake domain, then
by [28] it is an (e, 6)-domain, and by [38] its boundary is a d-set with respect to the d-dimensional
Hausdorff measure H¢, where d := log(4)/log(3). Another example of an extension domain whose
fractal boundary is a d-set with respect to the so called self-similar measure (see [22] for the def-
inition of this measure) can be found in [2]. Finally, it is well-known that Lipschitz domains are
W!-PO)_extension domains whose boundary is a (N — 1)-set with respect to the classical Surface mea-
sure o = HNL,

Now we state some known results that will be applied in the subsequent sections. These results
generalize some results in [25, 35] for the constant case.

Proposition 2.7. (see [26]) If p € PO2(RN) with 1 < p. < p* < oo, then M'"PORN) = WHPORY),

Theorem 2.8. (see [27]) Let Q CRY be a bounded WPV -extension domain, where pE ‘Plog(ﬁ)
fulfills 1 < p, < p* < o0. Then the measure density condition

ANB()NQ) > e (2.3)

holds some constant ¢ > 0, and for all x € Q and r € (0, 1], where we recall that Ay denotes the
N-dimensional Lebesgue measure on Q.

When Q C RV is bounded, it is obvious that the inequality Ay(B,(x)NQ) < ¢’r" is valid for some
constant ¢’ > 0 and for every x € Q and r > 0. Thus by Theorem 2.8 one sees that if in addition Q
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is a bounded W'-”")-extension domain for p € P'°¢(Q) with 1 < p, < p* < co, then Q is a N-set with
respect to the Lebesgue measure Ay.

Theorem 2.9. (see [27]) Let E C Q be a measurable set satisfying the measure density condition
(2.3), and let p € P°¢(E) be such that 1 < p, < p* < co. Then M"PO®RN)|. = M"PO(E), and there
exists a bounded extension operator & : M'"PO(E) — MVPORN) such that e(u) = u a.e. in E.

To conclude this section we give recall briefly some facts about nonlinear semigroups. Indeed,
let H be a Hilbert space, and let ¢ : H — (—o00,00] be a proper, convex, lower semicontinuous
functional with effective domain D(¢) := {u € H | p(u) < oo}. Clearly D(¢) C H is convex. Then the
subdifferential 0 of ¢ is defined by

D(0yp) :={ue D(p)| Awe H, ¢(v)—¢(u) > {(w,v—u),, forall ve H},
dp(u) :={we H|pv)—@u) > (w,v—u),, forall ve H},

where (-, ), denotes the inner product on /. We close this section with the following classical result.

Theorem 2.10. (see [32]) The subdifferential d¢ is a maximal monotone operator. Moreover,
D(p) = D(8). The subdifferential dp generates a (nonlinear) Co-semigroup {T(1)}=0 on D(¢) in
the following sense: for each uy € D(¢), the function u := T (-)ug is the unique strong solution of the
problem

ue CR.; H)NWE((0,00); H) and u(r) € dg ae.,

loc
0
6—?+690(u) =0 ae on Ry,

u(0,x) = up(x).
In addition, the subdifferential Oy generates a (nonlinear) semigroup {T (t)};=0 on H, where for ev-

ery t >0, T(t) is the composition of the semigroup T(t) on D(p) with the projection on the convex
set D(p).

Definition 2.11. Let {7'(¢)};>0 be a (nonlinear) semigroup on a Hilbert lattice H with ordering <, let
X be a locally compact metric space, and v a Borel regular measure on X.

(a) {T(t)}s>0 is said to be order-preserving, if

T(tu < T(t)v forall t >0, whenever u,ve H, u <v.

(b) {T(t)}s>0 is said to be submarkovian, if

IT@Ou—-T@VI.x < llu—vll,y, forevery r>0 and u,v e L*(X,dv)N L (X, dv).

The next two well-known results characterize the order-preserve property and the submarkovian
property of the functional ¢, respectively.

Proposition 2.12. (see [14]) Let ¢ : H — (—o0,+00] be a proper, convex, lower semicontinuous
functional on a real Hilbert lattice H, with effective domain D(p). Let {T(t)};>0 be the (nonlinear)
semigroup on H generated by 0p. Then the following assertions are equivalent.

(1) The semigroup {T(t)}s>0 is order preserving.
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(i) For all u,v € H one has

<p(%(u+u/\v))+g0(%(v+qu)) < o(u) +@(v),

where u Av :=inf{u,v} and u Vv := sup{u, v}.

Proposition 2.13. (see [14]) Let ¢ : L%(X,dv) — (—c0,+0] be a proper, convex, lower semicontin-
uous functional. Let {T(t)}s0 be the (nonlinear) semigroup on L*(X,dv) generated by d¢. Assume
that {T (1)};»0 is order preserving. Then, the following assertions are equivalent.

(1) The semigroup {T(t)}s>0 is submarkovian.

(i) Forallu,v e L*(X,dv) and a > 0,

v+ 8a) )+ o= ga0)) < 6+ 90,

where

go(u,v) := %[(u —v+a) —(u-v- a)f],

with u* := sup{u,0}, and u™ := sup{—u,0}.

3 The relative p(-)-capacity

In this section we present the theory of the relative p(-)-capacity. This will be the key property
that will be fundamental in the main results. We begin with the following definitions.

Definition 3.1. Let E C RY and let p € P(RY) be such that 1 < p, < p* < co. The p(-)-capacity of E
is defined by

Capyy(E):= inf o W@ +p L (Vu},

where
Sp(E) = {u € Wl’p(')(RN) |u>0 and u > 1 in an open set containing E}

Note that if p € [1, 00) is constant, then the above definition agree with the well-know definition
of the classical p-capacity. Moreover, if S )(E) = 0, then one has Cap,,,(E) = 0. For more proper-
ties of Capp(.)(-), we refer to [21, Section 10.1].

Deﬁnitigl 3.2. Let Q CRY be an open set, let p € P(ﬁ) be such that 1 < p, < p*_< oo, let ECQ,
and let W'PO(Q) denote the closure in WHPO(Q) of the space WHPO(Q) N C(Q). The relative
p()-capacity of E with respect to Q is defined by

Cap o (E) = uesi(n)fg . {0, +p,(IVu},
pC)s
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where

S o) :={ue W@ | 3U R open, ECU and u>1ae.on QnUJ.

Observe that if Q = RY, then Cap  ,(E) = Cap,,(E) for each E C RN,

Definition 3.3. Let Q CRY be an open set, let p € P(Q) be such that 1 < p, < p* <o, and let E C Q.

(1) E is said to be Capp(})y gpolar,if Cap  (E)=0.

P().Q

(2) We say that a property holds Capp (o quasi everywhere (abbreviated p(-)-q.e.) on E, if there
exists a Capm ,-bolar set D such that the property holds over E'\ D.

(3) A function u is called Capp(_) o~quasi continuous on E, if for all € > 0, there exists a open set

U C Q such that Capp(.) o(U) < €and ul,,, is continuous.

E\U

The notion of p(-)-relative capacity was first introduced by Arendt and Warma [4], and gener-
alized to p € [1, 00) and to modular spaces by Biegert [6, 7, 8, 10]. We give below some properties
which follow as consequences of the results of Biegert [6], valid for modular spaces (see also [8]
for the constant case).

Proposition 3.4. (see [6]) The relative p(-)-capacity is a normed Choquet capacity on Q, and for
every E C Q we have that

Cap (E)=inf{Cap (U)|UCQ open,and EC U} 3.1

p().Q

Proposition 3.5. (see [6]) If E € Qs Cap | -polar; then AN(E) = 0.

Proposition 3.6. (see [6]) For every u € ‘TVLP(')(Q) there exists a Capp(() o-quasi continuous function

ii:Q — R such that it = u a.e. on Q.

Proposition 3.7. (see [6]) If K C Qs compact, then

Cap . (K)=inf {0 +p,o(1VuD) | ue WPIHQNCAQ), uz1 on K}

=inf{p, o) +p,o(IVul) |u € WPOQ)NCQ), uz1 on K}.

Now we are interested in giving a key relation between the p(-)-capacity and the relative p(-)-
capacity for a class of bounded domains. To do so, we begin with the following result that was
obtained for the constant case in [8, Theorem 3.13].

Lemma 3.8. Let Q CRY be a bounded WO -extension domain, and let p € P°4(Q) be such that
1 < p. < p* < 0. Then Q has the continuous W'-P")-extension property.

Proof: By virtue of Theorem 2.8 we see that the measure density condition (2.3) holds for some
constant ¢ > 0 and for all x € Q and r € (0, 1], and moreover one has Ax(9Q) = 0. In addition, by
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applying Theorem 2.9 we deduce that M!'-PORY g =M LPO)(Q), and there exists a bounded ex-
tension operator &, : M 1’f”(')(ﬁ) — MUPORN). Because p € Plog(ﬁ), by Proposition 2.7 we have
MUPORNY = whrO®RN), and thus MPO(Q) = WhPO(Q), up to equivalent norms, and all this im-
ply that the operator &, is also a continuous extension operator from WhPO(Q) onto WHPORN),
Finally, to show that the extension operator &, maps W'?0)(Q) N C(Q) into W'PO(®RN) N C(RY), we
just examine the construction of the operator &, given in [27, Theorem 3.4], and this completes the
proof. ]

Theorem 3.9. Let Q CRY be a bounded WP -extension domain, and let p € Plog(ﬁ) be such that
1 < p. < p* < co. Then there exists a constant ¢, = c(Q) such that

1204

plp
Cap,\(E) < c,Cap  (E)"" < ¢ Cap,,(E) 3.2)
for every set E C Q, where p and p are positive constants that will be specified in the proof.

Proof We first prove the inequality at the right hand side of (3.2). In fact, let u € S o v(E) =
S p()(E) (see Definitions 3.1 and 3.2 for the definition of these sets). Then ul, € § ()Q(E) and

f lul | dx + f Vudg | dx < f " dx + f VuP dx.
Q Q RY RY

(E) < Cap,,(,(E), as desired.

To establish the remaining inequality, first let K C Q be a compact set. Then by Proposition 3.7
there exists a a sequence {u, },en € whrO(Q) N C.(Q) such that

But the above inequality yields Cap

p().Q

u, >1lonK and  lim ( f P dx + f IVunlp(")dx):Capp(()Q(K).
Q Q |

n—oo

Now let £, denote the extension operator used in the proof of Lemma 3.8, and put v, := &,(uy).
Then v, € WPORY)YNCRY) and v, > 1 on K. It follows from Proposition 3.7, the continuity of
&p, and [21, Lemma 3.2.5], that

Cap,,,(K) < f [Vl dx + f [VvalP™ dx
N RN

p
< Wll?

Capllun”

whrC) @)

plp .
<G, ( f P dx + f Vit [P dx) =, Cap (K)
Q Q ’

for some constant C, ey > 0, where

5 Py, If ||Vn||W1,p(-)(RN) <1,
p*’ if ”Vn“W],p(')(RN) >1

and

O R
Pl

wlrO) Q) —
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This shows the first inequality in (3.2) for all K C Q compact. On the other hand, if U C Qis open,
then there exists a increasing sequence {K, } e of compact sets such that U K,, = U. Then it follows

. neN
from Proposition 3.4 that

pPlp pIp

Cap,,(U) = nh_)rgo Cap,,y(Ky) < Cq, nh_)rg Cap  (Ky) =CgCap  (U)

Finally, if E C Q is an arbitrary set then by Proposition 3.4 we deduce that

Cap,,,(E) = inf{Capp(‘)(U) |UCRY open, and E C U}
= inf{Capp(,)(Uﬂﬁ) | U CRY open, and E C U}

= inf{Capp(,)(W) |1WCQ open, and E C W}

plp

. p/p —
< Ce, 1nf{Capp(m(W)p ' | W< Q open,and E C W} Cap ()Q( )

This completes the proof of the first inequality in (3.2) in general, and thus the complete statement
in (3.2) follows by letting ¢, := C,. O

The following result is an immediate consequence of the above theorem.

Corollary 3.10. Ler Q CRY ‘be a bounded WPO)_extension domain, let p € P°¢(Q) be such that
1<p.<p*<oco, andlet ECQ. Then E is Capp(‘) o-polar if and only if E is Cap o -polar.
B PL),

Next we investigate the relation between the relative p(-)-capacity with the measures defined on
the boundary of an open bounded set. We begin with the following definition.

Definition 3.11. Let Q C R be an open set. We say that a Borel measure y is Capp(_) o-admissible,
if Capp o o(I) =0 implies that x(I') = 0 for every Borel set I C 9€Q.

Given p, r € P2(Q) with 1 < p, < p* <o and 1 < r, < r* < o0, and given u a finite Borel reg-
ular measure supported on dQ2, we deduce from the definition of the space Wl() ()(Q,(?Q,d,u) that
the embeddmg W o (€@.0Q,dp) — LPY(Q,dx) is bounded. Also, if p € [1,N) and r € [1, p(N ~

D(N-p)~ 1 are constants and if y = HN- ! then it was obtained by Maz’ya [31] that the embedding

W, (Q,0Q) — LN 2 (Q,dx) is continuous. This result has been generalized to variable exponent in
[36] for p, re COL(Q) with 1 < p, < p* <N and 1 < r(x) < (N —1)p(x)(N — p(x))~! for all x € Q.
However, the above embeddings are not necessary injections. In fact, an example of a bounded do-
main such that the continuous embedding W, (€2,0Q) — LPO(Q, dx) is not injective has been given
in [4]. Hence we conclude this section by giving a necessary and sufficient condition for the above
embeddings of variable exponent function spaces to be injections. The proof will run similar as the
derivation for the constant case obtained in [10, Theorem 2.11], but we give full details of the proof
for the sake of completeness.

Theorem 3.12. Let Q CRN be a domain, let i1 be a finite Borel regular measure on 9K, and let p, r €

Pog(Q) be such that 1 < p, < p* <o and 1 < r, <r* < oo. Then the embedding W1(> ()(Q,(')Q,d,u) —

LPO(Q, dx) is an injection if and only if the measure u is Capp(_)g—admzsszble.
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Proof: First suppose that the measure y is Cap 00 -admissible, and let § : Wl() ()(Q,@Q,d,u) -
LPO(Q,dx) be the embedding operator, defined by Sv :=v|, for each v € Wl() ()(Q,GQ,d,u). We
(Q,0Q, du) and assume that S« = 0. Then there

(Q,0Q,du). Clearly

Su, =S Su=0, _and thus (by passing to a subsequence if necessary) we get that u, converges to
zero p(-)-q.e. on . Because u is Capp o ,-admissible, it follows that u, converges to zero y-a.e. on

must show that § is injective. Indeed, let u € Wl() o

exists a sequence {tp}nery € WHPO@Q) N C (Q) such that u, % uin W,}or()

0Q. But since u,|,, — ul,, in L"(0Q, du), we get u =0 y-a.e. on HQ by the uniqueness of the
limit, and therefore u = 0 as asserted.

To show the converse, assume that the measure g is not Cap ,-admissible. Then there exists a
Borel set I' C 9Q such that Cap 0. o(I) =0and (') > 0. Taking 1nt0 account the inner regularity of
U, we may assume that I' is compact. Because I" is Cap __-polar, we can find a sequence {u},en C

=0. For each k e N, put

p().Q

WPOQ) N C(Q) satisfying 0 < u, <1, u, =1 onT, and lim |ju,||
n—oo
Uy = {x e RV | dist(x,T) < l/k}. Then we see that

wlrO) (@)

I C Ugsy C Uy for each k €N, ﬂ Ux=T. and lim (U N0Q) = u(D).
keN -

Next choose vi € C°(Uy) with 0 < v <1 and vy = 1 over I Then for each n, k € N one sees

that u,vg € WP(Q) N Ce(Q), 0 <upvp < 1, wyve = 1 on T, and im fluvill,, v, = 0. Now set
n—00 >

= [t il < 27%, Then we have that

Wi = Uy, vk, where n; € N is chosen such that [[wy]| wlrO@)

whrO) (@)
O0<wr <1, wg=1overl, klim wr =0 in W1=P(')(Q), and klim wi = X everywhere on Q, where y,

denotes the characteristic function over E C RY. But since wy = 1 on T, it follows from [21, Lemma
3.2.12] that

r 1/7
il > “(2) >0,

where
?‘ o— { r*’ lf ”Wk“,(,)(’)g > 1

r i flwl 0 < 1.

Combining all this yields that . € Wl() 1, (€,09Q,du) \ {0}, but S (x;-) = 0. Therefore the embedding

S W (Q,0Q,du) — LPO(Q,dx) is not injective, as desired. O

PO)r()

4 Well-posedness of Robin and Wentzell-Robin Cauchy problems

In this section we state and prove the main results of this section. We will assume throughout
this section that Q C R is a domain with finite measure, that y is a finite Borel regular measure
supported on dQ, and that p € P°¢(Q) with 1 < p, < p* < co. We begin by defining the functionals
associated with the p(-)-Laplace equation with Robin boundary conditions, and also with Wentzell-
Robin boundary conditions.

In fact, given 8 € L™ (0Q,du) with )}Er(lgg B(x) = By for some constant Sy > 0, we define the func-

tional @, : L*(Q,dx) — [0, 0] by

1 (x) 1 p(x) ;

L [ VuP® dx+ L f BlulP® du, ifue D@®,),

O, (u) = ”*fg P+ Jaa ¥ 4.1)
+oo,  ifue LX(Q,dx)\ D(®,),
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where D(®,) := W;Lm-) (Q,0Q,du) N L*(Q, dx). This functional is associated with the Robin bound-

ary value problem with variable exponent (see Proposition 4.3).

On the other hand, to define the functional associated with the Wentzell-Robin parabolic equa-
tion, we need to introduce some additional notations and definitions. Indeed, for functions ¢, r €
P(Q) with g, > 1, r, > 1, consider the vector space X¢"0O(Q, Q) := LIO(Q, dx) x L'O(0Q, dy),
endowed with the norm

|||(u’ v)“lq(,)vr(A) = ”(u’ v)”Xq(A)_r(.)(QﬁQ) = lnf{ﬂ > 0 | Aq,r(u//l, V//l) S 1}’

if g* < o0 and r* < oo, where

Agr(u,v) = f |7 dx + f "™ du.
Q 0Q

If g(x) = r(x) over Q, then we denote the above space, norm, and functional by X2O(Q, 0Q), |II(u, V)| 0
and A, respectively. Moreover, since p* < oo, we see that Xp(’)(Q, 0Q) is a Banach space and can be
identified with LP©)(X, dn) for a suitable measure space (X, X, 7) such that L*(X,dn) can be identified
with L*(Q,dx) X L= (0Q, du) with the norm

eI, = max {llull g ] )

for each (u,v) € L™(Q,dx) X L*(0Q, du).
Having said all this, given 8 € L™ (0, du) with 113£ B(x) = Bo for some constant Sy > 0, we define

the functional @, : X2(Q,00Q) — [0, 0] by

L | vulp®y +Lf PO du. i (u,v) = (u, e D(D.),
O, (u,v) = p*fgl ul X+ mﬁlul u, if (u,v) = (u,ul,,) € D(D,) 42
+oo, if (u,v) € XX(Q,00Q)\ D(®,,),

with effective domain

D(®,) = {(wuly) lue W' (Q.0Q.du) N L*(Q.dx). ul,, € LA(0Q,du)}.

pC).p()

By definition it is clear that the functionals ®, and ®,, are both proper and convex in L*(Q,dx)
and X2(Q,0Q), respectively.

The following result is the key step in the establishment of the main results. The proof follows
a similar approach as in [41, Proof of Theorem 5.2].

Theorem 4.1. The functionals ®, and ®,, are both lower semicontinuous in their respective do-
mains L*(Q,dx) and X*>(Q,0Q) if and only if the measure y1 is Cap __-admissible.

p().Q

Proof: We prove only the semicontinuity of the functional ®,, over X*(Q,3Q); the semicontinuity
of ®, in L*(Q,dx) can be obtained in a similar (and even simpler) manner.

We first suppose that y is Capp o Q—admissible, and we take a sequence {0, }pen := {(Un, Unl ;o) }nen C
D(®,,) such that lim u, = (u,w) in X2(Q,0Q), that is, u, —> u in L2(Q,dx) and u,|,, —> w in
L*(0Q, dy). If liminf ®,,(u,) = +oo the conclusion is obvious, so we assume that liminf @, (u,) <

n—o0 n—o0
+00. Take a subsequence of {u,},c, which we also denote by u,, such that lim @, (u,) equals a
n—-oo

constant. Now put

X,(Q,0Q) := (W) (Q,0Q,du) N LA(Q.dx)) x L*(0Q, dy),

p().p()
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and observe that X,(€2,0Q) is a reflexive Banach space endowed with the norm

G, a0y == llull ())(»)(medm+IIu|I2,9+IIVIIm-
Then we see that u, is a bounded sequence in X,(,0Q). Taking into account the convexity
of D(®,,), we let v, := (v;,vul,,) be a convex combination of u,, and such that lim v, = v in

M()(Q AQ, du) N L*(Q,dx). Then lim v, = v:= (v,7) in X,(Q, 8Q), and v, — v in WPO(Q).
By the uniqueness of the limit we see that u=v ae. on £, and moreover it follows (by taking
a subsequence if necessary) that v, =y p(-)-q.e. on Q. But because y is Capp(l) ,-admissible,

the previous convergence implies that v, — v p-a.e. on dQ. Since in addition lim v, = v in

n—oo

LPO(AQ, du), by virtue of the uniqueness of the limit we conclude that # = v|,, and v|,, = w p-a.e.
on 0Q. But we also need to show that w = u|,,. Indeed, if w # ul,,, then since v, € D(®,,), we see
that @, (v,) < +o0, but O, (u,w) = +o0 by the definition of the functional ®,. However, by virtue of
the Dominated Convergence Theorem one deduce that +co = @, (u,w) = nll_}r{.lo D, (v,) < 400, which
is clearly a contradiction. Hence ul,, = v|,, =w p-a.e. on 0Q, and thus v = (u,w) = (u,ul,,) :=u
n-a.e. on Q X Q. Finally, the convexity of ®@,, entails that

@, (u) = liminf @, (v,) < liminf @, (u,),
n—0o0 n—-oo

and thus @, is semicontinuous over X2(Q,00).

Assume now that u is not Capp(m—admissible. Then by virtue of the inner regularity of u
together with the assumption we may suppose that there exists a compact set I' C 9Q such that
Capp(m(l") =0, but y(I') > 0. Now let {wg}ren denote the sequence defined in the proof of Theo-

rem 3.12. Then we recall that 0 < wy <1, wy =1 over I, lim we =0 in WHPO@Q) N Cc(ﬁ), and

lim wy = y, everywhere on Q. Moreover, we see that hm wr = 0 in L2(Q,dx). Without loss of

k—o0 k—o0

generality, we may suppose that {wy}ren is a decreasing function. Now for each k € N, we put

. N A . k—eo N
Wi := wi —wy and Wy := (Wg, Wil ). Then we see that iy — wyx,, . everywhere, and 0 < vy < wy,
and thus we deduce that

BiwiP© du = liminff BIwvelP™ du.
0Q\I' k= Jaa

k—o0

If wixyor = Wilyg, then using the fact that w; = 1 over I together with the convergence W; —

(W1, W1X o) IN XQ(Q,E)Q) and Vwy —> Vw; in LPO(Q, dx), we calculate to get that

D, (W)= — f Ilelp(x)dx+— /3|w1|l’<x> du
> — f |le|!’“‘>dx+— amrﬁlwﬂ”(")dﬂw“ﬁ ()
f [V, [P dx+ — Blw1|PX du =liminf ® (W),
0Q\I'

On the other hand, if wyy,, - # wil,,, then by definition @, (W1, WX ) = +00, but W € D(®,,)
and @, (Wy) < +oo for each k € N. Therefore in both cases we have shown that ®, is not lower
semicontinuous, as required. O
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Next, before proceeding with our discussion, we make the following observation. Indeed, be-
cause the framework of our interest include non-smooth and “bad” domains, we will need to in-
troduce a notion of normal derivative in the weak sense for Sobolev functions, which has been
discussed in [10] for the constant case, and defined in [36] for variable exponents.

Definition 4.2. Let p € P(Q) be such that 1 < p, < p* < oo, let 5 be a Borel measure supported on
€, and let u € W,:! () be such that [VulPW =2V Vy e Ll(gz dx) for all v e C'(Q). If there exists a
function f € L! (RN dx) such that

fqulp(x)_zVqudx:ffvdx+f vdn,
Q Q 0Q

for all v € C'(Q), then we say that 7 is the p(-)-generalized normal derivative of u, and we denote

loc

)28

VulPO=? —dHN

As mentioned before, recall that if Q is “sufficiently regular”, for instance, a bounded Lipschitz
domain, then it is well-known that Q is a W!?O)-extension domain, and that the (N — 1)-dimensional
Hausdorff measure 4"~ is an upper and lower (N — 1)-Ahlfors measure on dQ, which coincides
with the classical surface measure on 9. Hence in this case the notion of generalized normal
derivative coincide with the classical definition of the normal derivative.

Now we compute the subdifferential of the functionals ®, and ®,,.

Proposition 4.3. Let Q C RN is a domain with finite measure, let u be a finite Borel regular Capp(m—

admissible measure supported on 9, and let p € P°%(Q) be such that 1 < p, < p* < .

(a) Let 0D, be the subdifferential associated with @, and let f € LX(Q,dx) and u € D(®,). Then
f €00, (w) if and only if

{ “Apou = [ in D(Q)*,
4.3)

ou
VPO~ 2 7-(N Y BulPO2udy = 0 weakly on Q,

where Apyu = div(|VulPO=2Vu) denotes the generalized p(-)-Laplace operator on Q.

(b) Let 0D, be the subdifferential associated with ®, and let f := (f, fl,,) € X2(Q,0Q) and
u = (u,ul,,) € D(®,). Then f € 0D ,(u) if and only if

{ Apyu=f  inDEQ), w

d
—Apyudp+ |Vu|1’(')‘26—ud7—{N—1 +BulPO2udu = 0 weakly on 9.
4

where at the boundary, Apyu := (Ap(-)u)l,, stands as the restriction of the p(-)-Laplace op-
erator to the boundary 0Q.

Proof: We only give the proof of part (b), for part (a) follows in a similar and even easier way.
For simplicity, for each function w with a well-defined trace wl|,, at the boundary, we will write
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W= (w,wl,,).
To establish part (b), first suppose that f € 00, (u), for u € D(®,,). Then for all ve D(®,,) one
gets

ff(v—u)dx—i— fv—u)du
Q 0

1 1
< — f (I99P© = |VuP) dix + — f B(MPD = [uP@) du. (4.5)
P« Ja D+ Joo

Fix we D(®,,) and ¢ € (0, 1]. Then substituting v by rtw+ (1 —f)u € D(®,,) in (4.5), dividing by ¢ and
taking the limit as ¢ | 0", we obtain that

ff(v— u)dx+ f fv—u)du
Q 0Q
< f IVulP©2VuV(v—u)dx + f BlulP D2 u(v — u)du. (4.6)
Q 0Q

Moreover, for every ¥ := (Y, y/,,) € D/@-V/V) ={ueD®,)|uc C(ﬁ)}, replacing w by u=%¥ in (4.6)
gives

f fudx+ f fwdu = f IVulPO-2VuVy dx + f BlulP 2wy dy, 4.7
Q 0Q Q o0Q

for all ¥ € D(®,,). Letting ¢ € D(Q) in (4.7) we deduce that f = A,u; letting then ¥ € C(Q)
and applying partial integration in (4.7) yields that f|,, du = —|Vu|p(x)‘2%d7-{N 1 BlulPO 2y du
weakly over 9Q (in the sense of Definition 4.2). This facts give the assertion (4.4).

To show the converse, let u € D(®,,), f € X3(Q,0Q), and suppose that u fulfills the equation
(4.4). Using the well-known property %(lal’ —b|") > |bI""2b(a — b), which is valid for all a, b € RV,
and for every r € (1,00), we deduce that

D, (V) - D, (u) > f VPO 2VuV (v — u)dx + f Blul’ @ 2u(v — u)du, (4.8)
Q 0Q
for every v € D(®,,). From (4.8) and the definition of weak solution of (4.4) it follows that
-0y > [ fo-wdre | fo-wdu (4.9)
Q 0Q

for every v e D@;), and thus for all v € D(®,,). Therefore f € 0@, (u), completing the proof of part
(b). |

Now we state the result about the well-posedness of the parabolic equations of variable expo-
nent type with either Robin or Wentzell-Robin boundary conditions on arbitrary domains.

Theorem 4.4. Assume all the conditions of Proposition 4.3.

(@) The operator A, := 0D, generates an order-preserving submarkovian Co-semigroup {T (1)},
on L*(Q,dx). Moreover; the semigroup {Tx ()} 5 is non-expansive over LIO(Q, dx) for each
g € P(Q) such that 1 < g, < g* < co. Consequently, for each g € P(Q) with 1 < g, < ¢* < o,
and for each ug € L1°(Q, dx), the function u(-) = T.(Dug is the (unique) strong solution of the
Cauchy problem with Robin boundary conditions

€ C(Ry; LI(Q, dx)) N WES((0, 00); LI, dx)) and u(r) € 0D, a.e.,

loc
(;—”t‘ +0D,() = 0 a.e. on Ry, (4.10)

u(0,x) = up(x).
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(b) The operator A,, := 0D, generates an order-preserving submarkovian Co-semigroup {T (1)}
on X2(Q,0Q). Moreover, the semigroup {T,, (t)}t20 is non-expansive over X40(Q, 0Q) for each
q € P(Q) such that 1 < g, < g* < 0. Consequently, for each g € P(Q) with 1 < g, < g* < o,
and for each ug := (ug, uol,,) € X4O(Q, 0Q), the Sunctionua(-) =T, (-)ug is the (unique) strong
solution of the Cauchy problem with Wentzell-Robin boundary conditions

u € C(Ry;XI0(Q,0Q)) N W, 2((0,00); X90(Q,0Q)) and u(r) € D, a.e.,
Ou

i +0P,(u) =0 ae on Ry, “4.11)

u(0,x) =ug(x).

Proof: Once again it only suffices to show part (b). In fact, since p € Plog(Q) with 1 < p, < p* < o0,
we see that D(®,,) is dense in X2(Q,0Q), and hence by Theorem 2.10, the operator A, = 0D,
generates a (nonlinear) Cy-semigroup {Tw(t)}tzo on X2(Q, Q). Thus, for each uy € X*(Q,Q), the
function u(-) := T, (-)up fulfills the Eq. (4.11). To complete the proof, it suffices to show that
{T,, (D)}, is order-preserving and non-expansive. Given (uy,v1), (u2,v2) € X2(Q,0Q), if (u;,v;) or
(u#2,v2) does not belong to D(®,,), the conclusion is obvious. If (u1,v1), (u2,v2) € D(®,,), then to
prove the order-preserving property, since W'?0(Q) is a lattice (e.g. [21], Proposition 8.1.9), letting

1
=—(u+uAv) and h

1
gu,v = 5 = E(V+MVV)

uy *

for each u, v € W0(Q), we have that both g, and h, lie in D(®,). Moreover, using the well-
known property |a+b|" <2 (la|" +|b|"), valid for all @, b € RY and for all r € [1, o), one has

1 1
®,(g,,)+®,Mh,,)< — f (VulP® + VP dx + — (P + P d+
' QN{u<v}

* Px Joon{u<v}

2 v p(x) 2 p(x)
+_f (M) dx+—f ('””') du < D, () + D, (V).
Px Joniusv) 2 P« Jooniuswy \ 2

Thus {Tp(')(t)}zz 0 is order-preserving by virtue of Proposition 2.12. Moreover, given a > 0, put

u,y

1
gu,v,a = E[(u —-Vv+ a’)+ — (M —y— a,)—] € Wl’p()(Q)
and notice that

q)W (V + gu,v,n) + (DW (u - gu,v,n)

2

1 1
< — (IVulP + VP dx + — f (P + PPy du+
Px Jon{u—v|<a} Px Jaon{ju-vi<a}
2 V(u+ p(x) 2 + p(x)
L2 M) dx+—f ('” V') du < @, (u) +®, (V).
oQN{lu—v|>a}

P Jonflu-vi>a) ( 2 P

Hence it follows from Proposition 2.13 that {7, (t)}t20 is submarkovian. By [11, Theorem 1] and [30,
Corollary 3] we see that {T',, (1)}, can be extended to a non-expansive semigroup on X7 (Q, Q) for
every g € 7’(5) with 1 <g. <g* < co. To see the strong continuity of {7, (t)}t20 over X90(Q,0Q), first

take u € X2(Q,0Q) N X™(Q,0Q), let § := min{2,q.}, and let r(x) := - (q;:i‘(;)), s(x) 1= % =)
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for all x € Q. Then by [29, Corollary 2.2] and Holder’s inequality (if necessary) we obtain that for
>0,

H|Tw(t)u—u“|q(l) < |7y @u=ul|]" [T, Ou—uf]|” =%, (4.12)
where
N [ flnul] >
n '_{ T, if |||TWu—u|H2 <1, and 'y, '_{ Sk if H|Twu—u|||q* <1.

Finally, for a general u € X9(Q,0Q), fix € > 0 and choose v € X*(Q,00Q) N X*(Q, Q) such that

[l — V|||q(v) < €/3. Then for a sufficiently small 7 > 0, we get from (4.12) that

7y @u—vll| < 7,@u-T,@v|]| +[ITo@v=v]]| +l-vi, <e. (4.13)

Since € > 0 was chosen arbitrary, the inequality (4.13) implies that {T,(#)},5 is a Co-semigroup over
X99(Q, dQ), and this completes the proof. o

Next we combine all the results previously established to state (without proof) the following
result, which summarizes the majority of the previous results into one.

Theorem 4.5. Let QCRY be a domain with finite measure, let y be a finite Borel regular measure
supported on 09, and let p € P°%(Q) be such that 1 < p, < p* < co. The following assertions are
equivalent.

(a) The measure u is Capp(()y o-admissible.

(b) the embedding W'

oy (2.0, dp) — LP O(Q, dx) is an injection.

(¢c) The parabolic problem with variable exponent and Robin boundary conditions
Uy — Ap(.)u = 0in Qx(0,00),
0
VP22 G 4 BuPO2udp = 0 on GQ X (0, 00), (4.14)

ov
u(0,x) = ugp(x) in QX 0Q,

is well-posed in L19(Q, dx) for each g € P(Q) such that 1 < g« < q* < oo,
(d) The parabolic problem with variable exponent and Wentzell-Robin boundary conditions
ur—Apyu =0 in Qx(0,00),

0
—Apyudp+ IVulp(')_za—Zdﬂ{N_l +BlulPY2udu = 0 on Q% (0,00), (4.15)
u(0,x) = up(x) in QxX0Q,

is well-posed on X40(Q, Q) foreach q € 7’(5) such that 1 < q. < q* < 0.

The next example illustrates some situations where the above parabolic problems are well-
posed, even on non-smooth domains.

Example 4.6. Let Q C RV be a bounded W'?0)-extension domain, and let p € P'°¢(Q) be such that
1< p.<p*<oo.
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(a) By [21, Proposition 10.4.2], for any E C 5, if Capp(,)(E) =0, then H*(E) = 0 for every
s > N — p., where we recall that H* denotes the s-dimensional Hausdorff measure. Thus, if
0Q is finite with respect to H* for some s > N — p,, then it follows from the above comment
together with Corollary 3.10 that H* is a Capp o ,-admissible measure. Hence in this case all
the conclusions in Theorem 4.5 are valid.

(b) If i is an upper d-Ahlfors measure supported on 9Q2 for d € (N — p..,N), then it follows from
[7, Remark 6.5] that u(I") = 0 for every I' C 0Q with H' 4(T") = 0. Henceforth this observation
together with the discussion in part (a) clearly imply that u is Capp o ,-admissible. Moreover,

Np()
in this case we can show that the continuous embedding WI}(_) o (Q,0Q,du) — L (Q,dx)
discussed in Remark 2.5 is also an injection. Note that in Example 2.6 we have given two
concrete examples of domains and boundary measures where this conclusion is valid, and

hence where the conclusions of Theorem 4.5 are all fulfilled.

(c) Suppose that u is a lower d-Ahlfors measure supported on 9Q for some d € [0,N) that is
also Capp(.), Q—admissible. Then by [17, Theorem 7.11] we deduce that H? is also Cap
admissible.

pOQ

We conclude our discussion with the following observation, discussed in [41, Remark 4.2] for
the constant case.

Remark 4.7. Let Q CRY be an arbitrary domain, and consider the space W,(Q,0Q) discussed in
Remark 2.5 for u = H"~!. Then it may happen that y is not a finite measure at the boundary 6Q. In
fact, an example of this situation is when Q denotes the snowflake curve discussed in Example 2.6.
However, in this case we can obtain the conclusions of Theorem 4.5. To justify this, let

T :={x € 0Q| H"™'(B.(x)NQ) = co, forall r>0}.
Then I's, € 0Q is relative closed, and it follows (as in the constant case) that every function u €
{w e Whrt)(Q) nCc(ﬁ) | fag [P dHN1 < oo} satisfies u|_ = 0. In addition, because the closure
of the set {u € W'*(Q)NCe(Q) | ul,, =0} is the space {ue W'*O(Q)|i=0 p()-q.e. on I}, it
follows that functions in W,(,0Q) (for u = H N=1) vanish p()-q.e. on I',. Now, letting I'g :=
0Q\ T, it follows that T'g C 0Q is relative open, and on it we have that H"~! is locally finite. Then
if in addition Q is a bounded W'”")-extension domain, then it follows from part (a) in Example 4.6

that HV="is Cap  -admissible, but H" ~! may not be finite over 9Q. However, the discussion
above shows that in this case all the conclusions of Theorem 4.5 can be achieved.
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